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Table 1 Optimum fiber directions

No. of
layers
3
4
6
6
6
6*
6
6*
6
6*
6
6*

*

0
0
0
0
0
0
0

0.5
0.5
0.5
1.0
1.0

alb

1.0
1.0
0.5
0.8
1.0
1.25
2.0
0.5
1.0
2.0
1.0
2.0

Fiber directions,
OLl OL2 CXj GL4

45
45
0
38
45

49.9
45
7.9
45

67.1
45

71.6

45
45
0
38
45

51.0
45
3.8
45

56.4
45

68.1

45
45
0
38
45

48.6
45

22.1
45

56.2
45

77.5

45
0
38
45

48.8
45
0.5
45

55.5
45

61.2

deg

0
38
45

51.0
45
7.4
45

64.0
45

71.1

0
38
45

49.9
45

12.3
45

61.4
45

74.1

Reduced
critical
stress,

0

22.000
22.000
42.171
23.154
22.000
23.116
22.000
37.024
14.667
12.556
11.000
8.051

not. Therefore, trials with several starting points are
desirable.

Numerical Examples
Numerical calculations were made for laminated plates with

three, four, and six layers. The plates considered have various
aspect ratios and are under uniaxial or biaxial compression.
Seven or eight different combinations of fiber directions are
used to start the calculation. The computer code6 developed
by Powell was rearranged into the code written for the present
problem.

The convergence limits for all the design variables were set
equal to 0.1 deg, and the maximum step size multiplier6 in
single variable search was set equal to 10.0. The material
consider is boron/epoxy.

£7=2.11xl04 kg/mm2 (SOxlO 6 psi)

£2 =2.11 x 103 kg/mm2 (3 x 106 psi)

vn =0.3, G12 =7.03 x 102 kg/mm2 (1 x 106 psi)

The thickness of each layer is assumed to be 0.254 mm (0.01
in.). The buckling formula is a function of the half-waves in
the x and y directions. Therefore, the number of half-waves in
the x and y directions was varied from 1 to 10 and from 1 to 5,
respectively, to get the buckling stress for the assigned fiber
directions.

The numerical results for three- and four-layered plates
with a/b= 1 and k = 0 showed that the results obtained do not
depend on the starting values of fiber directions. To show the
numerical convergence, an example is presented in Fig. 1. In
this figure, the abscissa is the number of the iteration. Each
iteration includes many function evaluations. The method
was next applied to six-layered plates with various aspect
ratios and load ratios k.. A summary of all the numerical
results is given in Table 1. In this table, asterisks show that the
final results obtained depend on the starting values, and the
values shown correspond to the highest critical buckling stress
obtained among eight cases with different starting values. In
these cases, the critical buckling stresses obtained are not
much different from each other, but the fiber directions
depend highly on the starting values. The fiber directions in
the rows without an asterisk have no decimal, because almost
all of the directions obtained for seven or eight cases are close
to the values shown.

The computer used was IBM 360/67 and average cpu time
to calculate eight cases for a six-layered plate under k = 0 was
158s.
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Flexural Vibration of Orthotropic
Cylindrical Shells in a Fluid Medium
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Introduction

The problem of free vibration of a cylindrical shell has
interested many investigators since the time of Rayleigh.

In recent years this interest has continued in the area of
composite shells, due to their increasing importance in
aerospace and hydrospace applications.

The first experimental determination of natural frequencies
of cylindrical shells was made by Arnold and Warburton1
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using freely supported steel cylinders. These shells were ex-
cited by an electromagnet and the natural frequencies were
determined by noting maximum sound levels.

More recently, a number of other researchers have in-
vestigated the vibration characteristics of isotropic cylindrical
shells with various boundary conditions. However, very few
results exist for orthotropic or generally anisotropic shells.
One of the few such sets of results are due to Karimbaer et
al.,2 who determined natural frequencies and mode shapes of
glass-fiber reinforced plastic shells by mounting the test
cylinders on top of a large shaker.

Several theoretical papers have considered the problem of
vibration of orthotropic and anisotropic shells. Other
theoretical papers have considered the vibration charac-
teristics of isotropic shells that are filled with or surrounded
by a fluid, and a few have concentrated on fluid-filled or-
thotropic shells.3'4 It is these last papers that form the starting
point of the present study.

Theory
The governing partial differential equations for free

vibration of an orthotropic, circular cylindrical shell in an
infinite, inviscid, and incompressible fluid may be found in
Ref. 3. The solution of these equations for arbitrary boundary
conditions is due to Dong.5 A characteristic equation was
obtained that was eighth order in a characteristic length and
sixth order in the natural circular frequency. An iterative
procedure was then used to obtain an explicit solution of the
indicial equation, for the characteristic lengths. The system of
clamped boundary conditions was then tested and if it was
met, the correct natural frequency was found. Otherwise, a
subsequent iteration was necessary.

Experimental Procedure
The experimental phase of the program involved the testing

of a four-ply, glass-epoxy "Scotchply" type 1002 preim-
pregnated tape-wound cylinder. This shell was fabricated on a
custom-made belt wrapper that utilized an aluminum man-
drel. The ends of the shell were overwrapped with several
circumferential layers prior to thermal curing under vacuum.
The completed shell was then cast into aluminum end plates
with epoxy. Material properties were taken from data sup-
plied by Tennyson (Institute for Aerospace Studies,
University of Toronto). These data on orthotropic in-plane
material constants were obtained from identical test shells
fabricated on the same type of belt wrapper. The charac-
terization tests required three loading configurations: internal
pressure, torsion, and compression. Foil strain gages were
bonded in the axial, circumferential, and ±45 deg directions
at midlength on the outer surface of the shell and the resultant
data were used to compute the orthotropic material constants.
Four coupons were cut from the shell to determine the
filament weight content using a resin burn-off test. Rule of
mixtures calculations were then made to compare with the
measured orthotropic constants and reasonable agreement
was obtained. A summary of geometric and material
properties is contained in Table 1.

• The shells were held between adjustable centers by their end
plates inside an aluminum tank. Excitation was provided by a
44.5 N electrodynamic shaker which could be mechanically

Table 1 Shell geometric and material properties3

Lamina

1 (inner)
2
3
4 (outer)

Thickness, mm

0.283
0.308
0.319
0.321

Orientation, deg

+ 45
-45
-45
+ 45

Orthotropic
constants

£7 /=34.2GN/m2

£22 = 1 0.4 GN/m2

G / 2=3.65GN/m2

vl2 =0.28
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CIRCUMFERENTIAL WAVENUMBER,n

Fig. 1 Comparison of experimental results with theory for a shell in
air.
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Fig. 2 Comparison of experimental results with theory for a shell
containing a fluid.

connected to various stations along the generator of the shell.
Water could be introduced into the shell via holes in its end
plates and the entire shell could be either partially or fully
submerged by filling the tank.

The resonant frequencies of the shell were determined by
point impedance measurements. A constant velocity, at the
point of excitation, was maintained by feedback of the in-
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Fig. 3 Comparison of experimental results with theory for a shell
immersed in a fluid.
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Fig. 4 Comparison of experimental results with theory for a fluid
filled shell immersed in a fluid.

tegrated acceleration signal from the impedance head. A
spring loaded accelerometer probe was used to identify the
modes of vibration. This probe could readily transverse in the
axial and circumferential directions via a motorized lead
screw and chain driven sprocket arrangement. Position of the
probe was obtained from potentiometers.
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Fig. 5 The effect of submergence on the natural frequency of empty
and fluid filled shells.

Experimental Results and Discussion
A comparison of experimental results with theory is shown

in Figs. 1-4 for the four cases investigated; namely, a shell in
air, a shell containing a fluid, a shell immersed in a fluid, and
a fluid filled shell immersed in a fluid. The natural frequency
of flexural vibration of the shell immersed in, or filled with, a
fluid is less than a quarter of that of the corresponding
natural frequency of the shell in air. Results from a shell
immersed in a fluid and a shell containing a fluid are almost
identical. However, the immersed shell had slightly lower
natural frequencies. A fluid filled shell when submerged
exhibits lower natural frequencies than any of the other test
cases investigated. The theory also predicts a further decrease
in natural frequency as the density of the fluid is increased. A
greater number of natural frequencies and mode shapes were
detected for the fluid interaction cases than that of the shell in
air. Generally good agreement between theory and experiment
was noted for the natural frequencies and mode shapes that
were excited and detected.

Weingarten et al.5 showed theoretically that the natural
frequency of a partially submerged cylindrical shell decreases
rapidly until a point where the cylinder is approximately one
quarter submerged. Thereafter the fundamental frequency is
relatively insensitive to further submergence. This conclusion
has been verified experimentally (see Fig. 5) where the lowest
natural frequency of vibration of an empty shell was observed
to decrease rapidly with initial submergence followed by a
gradual decrease due to increasing hydrostatic pressure. The
fluid filled shell behaved much the same except that there was
a more gradual decrease in frequency.

Conclusions
The flexural mode frequencies decrease to a minimum and

then increase as the circumferential mode number is
decreased. It is clear that for any particular axial wave
number, the natural frequency is substantially decreased due
to the presence of the fluid.
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Nomenclature
Cp = heat capacity of melt, k J/kg • K
Db = diameter of bubble, m
Gr =Grashof number, ga$h4Iv2

h - thickness of layer of liquid, m
k = thermal conductivity of liquid, W/m • K
£ = length of layer of liquid, from hot wall to cold wall,

m
Pr = Prandtl number, V/K
q = rate of heat loss from cell, W/m2

Rah = horizontal Rayleigh number, aftgh4IK.V
T = temperature at point in liquid, K
V — velocity of movement of melt due to buoyancy and

surface tension, m/s
Vb = velocity of movement of bubble under influence of

AT", m/s
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y x = vertical distance from bottom of liquid to any point,
m

a = coefficient of thermal expansion of liquid,
(8 kp/dT),K-1

0 = longitudinal temperature gradient, K/m
7 = surface tension between liquid and gas, N/m
K = thermal diffusivity, k/pCp, m2/s
I*. = dynamic viscosity, kg/m • s
v = kinematic viscosity, m2/s
p = density of melt, kg/m3

THE objective of this work was to develop a technique for
ascertaining thermocapillary movement of gas bubbles in

a liquid. Gas bubbles have been found to be incorporated
much more often in space-processed materials than in those
processed on Earth.1-6 The behavior of gas bubbles is ex-
pected to be especially important in containerless processing
of glasses in orbit. Although buoyancy would no longer
provide appreciable migration rates, gas bubbles are predicted
to move in a temperature gradient due to the dependence of
surface tension on temperature, with a velocity equal to7j8

(D

Thus one might expect that if dy/dT^Q, a bubble in a liquid
would always move in an imposed temperature gradient.
However, surfactants may prevent the bubble from moving,
as apparently happened in SPAR experiments on molten
CBr4.1'9 Volatile constituents may also cause movement in
the opposite direction.1(M2

For flight experiments, some method is required to pretest
the qualitative behavior of a gas bubble. We have chosen to
use horizontal tubes or layers. Unfortunately, experiments
done on Earth are complicated not only by the buoyant rise of
the bubble but also by natural convection of the liquid itself.
With a bubble in a tube or sheet, the prime concern is that any
bulk movement of the liquid be much slower than the ex-
pected bubble movement. Fortunately there are existing
theoretical results on similar systems, namely flat sheets of
liquid with vertical end walls at different temperatures. We
expect these to be approximtely true for our experimental
arrangements, and Eq. (1) to provide an order-of-magnitude
estimate for thermocapillary bubble movement rates in a
horizontal channel or tube.

In the derivation of Eq. (1), it was assumed that steady-
state conditions are valid, that the properties are constant,
that there are no interactions with systen\boundaries or other
bubbles, and that the liquid is pure.7 Since in real situations
these conditions are not satisfied, we seek here only
semiquantitative tests of the usefulness of proposed ex-
perimental techniques.

Theory
It may be shown that the bubble always moves slower than

the liquid if the upper surface is free.13 Thus the liquid film
must be enclosed on all sides. At the upper and lower
horizontal surfaces, two types of boundary conditions on the
temperature field are typically used to represent limiting
cases. In one case, the boundaries are assumed to be insulated
so that the normal heat flux through them is set equal to zero.
In the other extreme, the temperature field is prescribed as
being linear from one end of the channel to the other. This
latter case is commonly referred to as that of ''conducting''
boundaries. In both cases, the parallel flow velocity field in
the liquid film in a region away from the end walls (for a
constant axial temperature gradient 0) is given by 14~17:

Vv
af3gh3

(y/h)2 y/h
(2)
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